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INTERIOR GRADIENT ESTIMATES FOR QUASILINEAR ELLIPTIC EQUATIONS 


TRUYEN NGUYEN* AND TUOC PHAN* 


Abstract. We study quasilinear elliptic equations of the form div A(jc, u, Vn) = divF in bounded 
domains in W,n > 1. The vector field A is allowed to be discontinuous in x, Lipschitz continuous in 
u and its growth in the gradient variable is like the p-Laplace operator with 1 < p < oo. We establish 
interior VV' l// -esti mates for locally bounded weak solutions to the equations for every q > p, and 
we show that similar results also hold true in the setting of Orlicz spaces. Our regularity estimates 
extend results which are only known for the case A is independent of it and they complement the well- 
known interior C 1,a - estimates obtained by DiBenedetto 0 and Tolksdorf If33ll for general quasilinear 
elliptic equations. 


1. Introduction 

We will investigate interior regularity for weak solutions to degenerate quasilinear elliptic equa¬ 
tions of the form 

(1.1) div A(x, u, Vz/) = div F in Q, 

where Q is a bounded domain i n 1", n > 1. Without loss of generality we take Q to be the Euclidean 
ball B 6 := [x e W 1 : \x\ < 6}. Let K c R be an open interval and consider general vector field 

A = A(x,z,£) : B 6 x I x f —» R" 

which is a Caratheodory map, that is, A(x, z, £, ) is measurable in x for every (z, £) e K x R" and 
continuous in (z,f) for a.e. x e B 6 . We assume that there exist constants A > 0 and 1 < p < oo 
such that A satisfies the following structural conditions for a.e. x e B 6 : 

(1.2) <A(.r, z, £) - A(x, z, n), { ~ n) > A _1 (l^l + \n\) P ~ 2 \Z - ri\ 2 Vz e K and Vf, r/ e R", 

(1.3) \Mx,z,&\ < m p- 1 V(z,^) e KxR", 

(1.4) |A (x,zi,0 - Mx,z 2 ,&\ < m p ~ l \zi - z 2 1 Vzj,z 2 6 I and e R". 

We want to emphasize that (1 1 .21) — (1 1 .41) are required to hold only for z e K. This is useful since in 
some applications, (11,2b — (II .41) are satisfied only when K is a strict subset of R (see IflTlI for such an 
example where K = (0, M 0 ) for some constant M 0 > 0). 

The class of equations of the form (11.11) with A satisfying (1 1 .21) — (1 1 .4b contains the well-known 
p-Laplace equations. The interior C 1<r regularity for homogeneous p-Laplace equations was estab¬ 
lished by Uraltceva ll35Tl . Uhlenbeck [f34| . Evans Ifl4fl and Lewis |[24l . while interior W' ^-estimates 
for nonhomogeneous p-Laplace equations were obtained by Iwaniec Ifl9l and DiBenedetto and 
Manfredi IfTOl . More generally, (11.11) includes equations of the type 

(1.5) divA(x, Vu) = divF in Q 

whose W x,q regularity has been studied by several authors when A is not necessarily continuous in 
the x variable EEllglIIIHni[I3l2DlI2Sl|29llia- 

In this paper we study general quasilinear equations (11.11) when the principal parts also depend 
on the z variable. In the case A is Lipschitz continuous in both x and z variables, the interior C 1 " 
regularity for locally bounded weak solutions to the corresponding homogeneous equations was 
established by DiBenedetto |9} and Tolksdorf If33l (see also Il25l and the books GI3[22l|27|| for 
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further results). When A is discontinuous in x, one does not expect Holder estimates for gradients 
of weak solutions and it is natural to search for L q - estimates for the gradients instead. However, 
this type of estimates for solutions to (11.11) is not well understood even if F = 0. Our main purpose 
of the current work is to address this issue by establishing Vk 1 ‘’'-estimates for locally bounded 
weak solutions to the nonhomogeneous equation (11.11 ) when A is not necessarily continuous in 
the x variable and F belongs to the L q space. We achieve this in Theorem 12.41 whose particular 
consequence gives the following result: 


Theorem 1.1. Let K c R be an open interval and M 0 > 0. Let A : x K x R" —> R" be a 

Caratheodory map such that (z,f) *—> A (x,z,£) is differentiable on Kx (R" \ {0 }) for a.e. x £ B 6 . 
Assume that A satisfies (1 1 .21) — (1 1 .41) and the following conditions for a.e. x £ B 6 and for all z £ K. - 

A(jc, z, £>?7, t/) > A■ 1 |^r 2 |7 7 | 2 £ R" \ {0} and Mr/ £ R”, 

\cfiA(x,z,a < m p ~ 2 Lf £ R" \ {0}. 


Then for any q > p, there exists a constant 6 = 6(p, q, n, A, K, M 0 ) > 0 such that: if 

\A(x,z,f) - A Bp (y)(z,f)\- 


(1.6) 


sup sup 

0<p<3 yeB 


vf 1 

1 Jb o (y) 


sup sup ■ 

>p(y) " zel frO 


l^r 1 


-j dx < 6, 


and u is a weak solution of 

divA(x, u. Vm) = div F in B () 
satisfying ||w||z,°°(s 5 ) < Mo, we have 

11^7711^(8!) ^ C (||7<||lp(B 6 ) + ll|F| p -' llrABe)) • 

Here A Bp(y fz, £ := f B (y) A(x, z, f) dx and C is a constant depending only on q, p, n, A, K and M 0 . 

Condition (11.61) means that the BMO modulus of A in the x variable is sufficiently small and 
hence it is automatically satisfied when x t-> A(x, z, £ is of vanishing mean osciiiation. In partic- 
ular, (1 1 .61) aiiows A to be discontinuous in x. We note that some smailness condition in x for A is 
necessary since it was known from Meyers’ work Oil that in generai weak soiutions to (If .51) do 
not possess interior kk^-estimates for every q > p even in the iinear case (i.e. A(jc, Vz<) = A (x)Vu 
and p = 2). 

W l - q theory for equation (If .51) was pioneered by Caffareiii and Perai. In |[6||, these authors derived 
interior W^-estimates for solutions to (11.51) when A is sufficiently close in the L°° sense to its 
average in the x variable in every small scales. For the case A(x,f) = (A{x)fff) L ^A{x)f with 
the matrix A(x) being uniformly elliptic and bounded, Kinnunen and Zhou Il20ll obtained interior 
Vk 1,9 -estimates when A(x) £ VMO, i.e. A(.r) is of vanishing mean oscillation. Recently, Byun and 
Wang [|2l (see also [Q) were able to obtain IT'^-estimates for (11.51) under the assumption that the 
BMO modulus of A in the x variable is sufficiently small. Our obtained estimates in Theorem ll.il 
are the same spirit as [|2] but for general quasilinear elliptic equations of the form (11,1b . 

The proofs of Vk' v-cstimates for solutions to (11.5b in the above mentioned work use the pertur¬ 
bation technique from [5H6]] and rely essentially on the central fact that equations of this type are 
invariant with respect to dilations and rescaling of domains. Unfortunately, this is no longer true for 
equations of the general form (11.11 ) and this presents a serious obstacle in deriving Vk U/ -cstimates 
for their solutions. Our idea to handle this issue is to enlarge the class of equations under con¬ 
sideration in a suitable way by considering the associated quasilinear elliptic equations with two 
parameters (see equation (I2.3b f. The class of these equations is the smallest one that is invariant 
with respect to dilations and rescaling of domains and that contains equations of the form (11,1b . 
Given the invariant structure, a key step in our derivation of fk'v-esti mates for the solution u is to 
be able to approximate Vzz by a good gradient in L p norm in a suitable sense (see Corollary 15.2b . 
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However, with the more general class of equations there arise new difficulties in this task as we 
need to obtain the approximation uniformly with respect to the two parameters. We achieve this 
in Lemma 14.61 and Corollary 15.21 and it is crucial that the constants 6 there are independent of the 
two parameters A and 6. The main technical point of this paper is Lemma l4~6l which is a key point 
in our proof and is obtained through a delicate compactness argument. This kind of compactness 
arguments with parameters was first introduced in our recent paper IIT71 where parabolic equations 
whose principle parts are linear in the gradient variable were considered. Here we extend further 
the argument to take care the highly nonlinear structure in gradient of our equation (11.11) . Enlarging 
the class of equations to ensure the invariances while still being able to obtain intermediate esti¬ 
mates uniformly with respect to the enlargement is the main reason for our achievement and is the 
novelty of this work. 

Our obtained interior IT 1,9 -estimates in Theorem 11.11 for general quasilinear elliptic equations 
extend the corresponding estimates derived in |[2~l|6l| for equation (11.51) . These estimates complement 
the celebrated interior (^’"-estimates by DiBenedetto [0 and Tolksdorf |[TTil for (11.11) . In fact, 
Theorem [Li] is a particular consequence of our more general result established in Theorem 12.41 It 
is worth pointing out that Theorem 12.41 is even new when restricted to the simpler equation (11.51) . 
Indeed, we only assume that the distance from A(a,£) to a large set of ’’good” vector fields to be 
small while the previous work requires the distance from A(x, £) to its average in the a variable 
to be small. More importantly, we identify the properties of these good vector fields and are able 
to implement the general idea that weak solutions to (11.11) possess interior W x,q - estimates for any 
q £ (p, oo) provided that the equation is sufficiently close to a homogeneous equation of similar 
form whose Dirichlet problem has a unique weak solution admitting interior VT l oo -estimates. 

The method of our proofs in this paper is quite robust and we illustrate this in Subsection l6.2l bv 
showing that the interior estimates obtained in Theorem 12.41 still hold true in the setting of Orlicz 
spaces (see Theorem 16.61 for the precise statement). We end the introduction by noting that quasi¬ 
linear equations of general structures (1 1 .2b — (1 1 .41) arise in several applications and the availability 
of ir 1,9 -estimates for their solutions might be helpful for answering some open questions in these 
problems. We refer readers to IfTTI for such an application of VT 1,9 -estimates. 


2. Quasilinear e ll iptic equations of /i-Laplacian type and main results 
Our goal is to derive interior IT 1,9 - estimates for weak solutions to 

(2.1) div A(a, u, Vm) = div F in B 6 

for any q £ (p , oo). We shall show that this is possible if (12.11) is close to a homogeneous equa¬ 
tion of similar form whose Dirichlet problem has a unique weak solution admitting interior lT l o °- 
estimates. For this purpose, we introduce in the next subsection the class of reference equations 
together with a quantity used to measure the closeness between two equations. In Subsection 12.21 
we explain the reasons for enlarging the class of equations under consideration. 

2. 1. The class of good reference equations. Let q : K x [0, oo) —> R be such that lim,-_,o + tyfo r) = 
q{z, 0) = 0 for each z e K. Let G li: ,(q) denote the class of all vector fields a : B 3 x K x R" —> R' 1 
satisfying conditions (11.21) - (11.41) for a.e. x € Z? 3 together with the following additional properties: 

(HI) For a.e. x £ B 3 and every zeK, the map £ e-> a(jc, z, £) is continuously differentiable away 
from the origin with 


|^a(x,z,ai<A|^r 2 g 1" \ {0}. 
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(H2) For every z e K, we have 


sup sup 

f*0 x 0 :B r (x 0 )cB 3 


f 

JB r (x o) 


|a(x,z,^)-a Br(X0 )(z,^)| 


dx < tj(z, r ) 


for all r > 0 small. 


(H3) For any M > 0 and 0 < 7? < 1, if v is a weak solution to diva(v, v, Vv) = 0 in B 3R satisfying 
I|v||l»(b m ) < M then we have 

l|Vv||^ (B5r) < C(p, n, q, A, K, M) f |Vv| p dx VO < r < 3 R. 

T JB, 

By taking a(x,z,f) = a(£), it is clear that the class 6 ^( 77 ) is nonempty. In fact, it contains a 
large number of vector fields as shown in our recent paper |fT8l . Ones also find in Ifl8l1 that the 
class of vector fields considered in D3I22! 10 derive interior C l,a - estimates for the corresponding 
homogeneous equations belongs to Gb 3 (tj) for q(z, r) = y x r with y x being some positive constant. 


Definition 2.1. Lety £ B h 0 < p < 3, and B p (y) := {x el": \x - y\ < p }. 

(i) We define 

G fipW ( 77 ) := {a (x,z,& := f or ( x ,z,fi) e B p (y) x K x R»| a' e G B3 ( n ) 


(ii) Let A : B p {y) xKxl" — 
dist(A, Gf W) (rj)'j := 


" be a Caratheodory map. Define the distance 

\A(x,z,&-a(x,z,&\ 


inf 


7 [ SU P 

JBJy) 7 cK 


sup 


aeG W(D JB p (y) Z€ I 


\t\ P 


-1 




Remark 2.2. We note that under conditions (11,2b — (II .4b for the vector field a, the homogeneous 
equation div a(v, v, Vv) = 0 in By admits the comparison principle (see /[S] Theorem 1.2]). This to¬ 
gether with the classical existence result due to Leray and Lions l \23\\26\l (see also /0 Theorem 2.8]) 
ensures that: for any u e W l,p (Bf) with u(x) € K for a.e. x £ B 3 , the Dirichlet problem 

j div a(v, v, Vv) = 0 in B 3 , 

1 v = u on dBi 


has a unique weak solution v £ W Up (Bfi satisfying v(x) £ K for a.e. x £ B 3 . 

2.2. Quasilinear equations with two parameters. Let us consider a function u £ w]f c (B rR ) such 
that u(y) £ K for a.e. y £ B rR and u satisfies 


div A(y, u , Vm) = div F in B rR 


in the sense of distribution. Then the rescaled function 

( 2 . 2 ) 


, x u(rx) 
v(x) : =- for r, p > 0 


pr 


has the properties: v(a) g for a.e. x £ B R and v solves the equation 

div A p fix, prv, Vv) = divF^,. in B R 
in the distributional sense. Here, 

A(rx,z.,pfi) F (rx) 

A p Jx,z,f) :=—— it - and F^x) := — 


It is clear that if A : B rR xKxl" —> W satisfies conditions (1 1 .21) — (1 1 .41) . then the rescaled vector 
field A pr : B R x KxR" —* K." also satisfies the structural conditions with the same constants. 
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The above observation shows that equations of type (12.11) are not invariant with respect to the 
standard scalings (12.21) . This presents a serious obstacle in obtaining IT 1 V-csti mates for their solu¬ 
tions as they do not generate enough estimates to carry out the proof by using existing methods. 
Our idea is to enlarge the class by considering associated quasilinear equations with two parameters 


(2.3) 



A(x, Adu, AVu) 
Ap 11 


] = divF 


in B 6 


with A, 6 > 0. The class of these equations is the smallest one that is invariant with respect to the 
transformations (12.21) and that contains equations of type (12.11) . Indeed, if u solves (12.31) and v is 
given by (12.21) . then v satisfies an equation of similar form, namely, div [- “ ’- ] = div F' in Be 
with A '(y,z,0 := A (ry,z,f), F'(y) := F (ry)/pP~\ A' := pA and 6' := r9. 

Let us give the precise definition of weak solutions that is used throughout the paper. 


Definition 2.3. Let F 6 Lp '(5 6 ;R' ! ). A function u e W x f p (Bf) is called a weak solution of (12.31) if 
u(x) e f or a e x £ anc i 



A(x, A6u, AVu) 
Ap - 1 


, V(fi\ dx = I < 
Jb 6 


(F, Vip)dx 


g W l 0 '\B 6 ). 


Our main result on the interior regularity is the following theorem: 


Theorem 2.4. Assume that A satisfies (11,2b — (11.4b . and Mo > 0. For any q > p, there exists a 
constant 6 = 8(p, q, n, A, q, K, M 0 ) > 0 such that: if A > 0, 0 < 6 < 1, 

sup sup disti A, G Bp (y){q)j < 8, 

0<p<3 y€B\ 

and u is a weak solution of (12.31) satisfying ||m||l~(b 5 ) < qp, then 

(2.4) IIVmIIl^) < C(p,q,n,A,q,K,Mo)(\\u\\ L p(B 6) + ll|F| p ' 1 IIl9(b 6 )) • 

By taking A = 6 = 1 in Theorem 12.41 we then obtain IT^-estimates for weak solutions to 

original equation (12.11) . Another observation is that any function f € L P (B 6 ) can be written in the 

1 2 

form f = div Vip, where f e Vf^'T/L) is the weak solution to the Dirichlet problem 

( Aip = f in B 6 , 

| ip =0 on dB(,. 

Moreover by the standard estimate using Riesz potential (see [f29l page 195] for an explanation), 
we have when 1 < l < n that 

I|V«AII l ^ ( /, 5 ) - C(n,/) ||f|| L / (B6 ). 

These facts together with Theorem l2.4l yield: 


Corollary 2.5. Assume that A satisfies (11.21) — (II.41) . and M 0 > 0. For any maxjl, np l P p _ n } < l < n, 
there exists a constant 8 = 8(p, l, n. A, q, K, M 0 ) > 0 such that: if A > 0, ()<()< 1, 

sup sup disti A, G Bp (y){q)j < 8, 

0<p<3 ytBi 


and u is a weak solution of 


. r A(x, A6u, AVu) 


div [ 


A p 


-l 


j = div F + f in B () 


satisfying ||m|| l » (B5) < then 


l|V«|| p ;,U < C(p, /, n. A, q, K, M 0 ) 

L~^T- (B[) 


Imfi 1 + l|F|| n, + 
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3. SOME ELEMENTARY ESTIMATES 


In this section we derive some elementary estimates which will be used later. For the next lemma 
we only consider the case 1 < p < 2 since (11.21) obviously yields a better estimate when p > 2. 

Lemma 3.1. Let U c R” be a bounded open set. Assume that A : U x K x R” —*■ R” satisfies (11.21) 
for a.e. xin U and for some 1 < p < 2. Then for any functions u,v € W l ' p (U ) and any nonnegative 
function <p e C(U), we have 


(3.1) (1 - t) I |Vz< - Vv\ p f dx < t I \Vu\ p (f)dx 

Ju Ju 


1 


(A(x, u, Vu) - A(x, u, Vv), Vn - Vv)f dx 


+A2 ^p<fiLEf r 

2 [ 2 2 -pt> J v 

for every r > 0. 

Proof Since |£| + \rj\ < 2(|£| + \f - rj\) and 1 < p < 2, we have from (11.21) that 

(3.2) <A(*, z, £) - A{x, z, nX A~ l 2 p - 2 (\f\ + \f - - tj\ 2 V£ r/ e R”. 

Using Young’s inequality, the assumption 1 < p < 2 and (13.21) . we then obtain 

f* C* 1 _ P(Z~P) _ P(P~ 2 ) p _ 

|Vm - Vif 0d* = [(|Vm| + |Vm - Vv|)0?] 3 [(IVm| + |Vzz - Vv|)“|Vm - Vv|*>*] dx 

Ju Ju 

2^ fu (|Vm| + |V " “ Vv ^ dx + £ (|Vw| + |V “ - Vv\r 2 Wu - Vvl 2 fdx 


< 


<r J \Vu\ p (pdx + T f jVu-Vv\ p <ftdx 
Ju Ju 

P( 2 -Pyf r 
2^2 2 -Pt> Ju 


A2 2 pt —[ — 1 ) ' I (A(v, u, Vm) - A(x, u, Vv), V« - Vv)fdx. 

This gives the lemma as desired. 

The next two results are about basic ./[/-estimates for gradients of weak solutions. 


□ 


Proposition 3.2. Assume that A:B 3 xKxR" —> 
be a weak solution of 

J div A(x,w,Vw) = divF in B 3 , 

| w - T on dB-s, 

where ip e W 1,P (B 3 ). Then 


satisfies (11.21) and (11.31) . Let w e W Lp (B 3 ) 


f \Ww\ p dx<C(p,n,A)( f | Vtp\ p dx+ f |F| ^ dx). 
Jb 3 v Jb 3 Jb 3 


Proof. By using w - <p as a test function, we get 


f 

Jb 3 


(A(x, w, Vw), Vw - V(p) dx 


= f <F. 

Jb 3 


Vw - V(p)dx 


which can be rewritten as 

(A(x, w, Vw) - A(x, w, 0), Vw)dx = I (A(y, w, Vw), Vtp)dx + 

Jb 3 

On the other hand, it follows from (11.21) that 


f 

Jb 3 


f (F ’ 

Jb 3 


Vw)dx 


f (F,V<p)dx. 
Jb 3 


A 


1 f \Vw\ p dx< f (A(x,w,Vw)-A(x,w,0),Vw)dx. 

B 3 B3 
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Therefore, we obtain 

A -1 f |Vvv| p dx < A 
Jb 3 

From this and by applying Young’s inequality, we deduce the conclusion of the lemma. □ 

Lemma 3.3. Assume that A : 6 4 xKxR" —> R" satisfies (11.21) and (11.31) . Let u e W x h P XBf) be a 
weak solution of 

(3.3) div A(x, w, Vw) = divF in £ 4 . 


f \Vw\ p ~ 1 \V<p\dx + f |F||Vw| dx + f |F||V^| 

Bt, v / B3 


dx. 


Then 


j |Vw| p dx < C(p, n, A) ( J \u\ p dx + j IF^- 1 dx) 
Jb 3 v Jb 4 Jb 4 


Proof. Let ip € C“(£ 4 ) be the standard nonnegative cut-off function which is 1 on £3. Then, by 
multiplying the equation by if p u and using integration by parts we get 

I (A(jc, u, Vw) - A(jc, u, 0), Vu)tp p dx = —p I (A (x,u,Vu),Vip)ip p ~ l udx 
Jb 4 Jb 4 


+ 


^ (F, Vu)<p p dx + p f (F,Vtp)(p p l udx. 

B4 J B4 


,p~ 1 1 


Therefore, it follows from (11.21) and (11.31) that 

A " 1 f \Vu\ p cp p dx < pA f \Vu\ p - 1 \Vip\(p p ~ l \u\dx+ f \F\\Vu\ip p dx + p f \F\\Vip\ip p ~ l \u\dx. 

Jb 4 Jb 4 Jb 4 Jb 4 


This together with Young’s inequality yields the lemma. 


□ 


We end the section with a result giving a bound on the //-norm of the difference between two 
gradients of weak solutions. 

Lemma 3.4. Assume A : B 4 x K x R" —■» R" and a : £3 x K x R" —■> R” satisfy (11.21) and (11.31) . 
Let u € W x h P ABf) be a weak solution of (13.31) and v e W l,p (Bf) be a weak solution of 



J divafix, v, Vv) = 0 

in £3, 


| V = W 

ow $£ 3 . 

Then 

(3.4) 

J Vw - Vv| p dx < C(p, n. A) 

( (|w| p + |F|FT)Jx 


Jb 3 

Jb 4 

Moreover, 

(3.5) 

j \v\ p dx < C(p,n, A) j 

Z?3 B4 

(|w| /7 + |F1 ft)Ja. 


Proof. By using u-v as a test function in the equations for u and v, we get 

- I (a(jc, v, Vv), Vw - Vv)dx = - I (A(jc, u, Vw), Vw - Vv) dx + J (F, Vu-Vv)dx. 

J B 3 *2 Z?3 B'r, 


This gives 



(a(jc, v, Vw) - a(x, v, Vv), Vw - Vv) dx 
(a(x, v, Vw) - A(x, u, Vw), Vw - Vv) dx + 



(F, Vw - Vv) dx. 
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It follows from this and (11.3b that 


f 

Jb } 


J < 2A I |Vm| p i \Vu-Vv\dx+ I |F||Vw - Vv| dx. 


f 

Jb 3 


Moreover, Lemma [3TTI and ( 11 . 21 ) imply that 


/ 

Jb 3 


|Vm-V v | p dx 


-'-'f 

Jb 3 


\Vu\ p dx < J. 


Therefore, we conclude that 

c f |Vw - Vv| p dx < c -1 f |Vu | /7 dx + 2A f IVkMVk - Vv| dx + f |F||Vw - Vv| cLt. 

Z?3 v/ #3 ^#3 Bt, 

We infer from this and Young’s inequality that 

f |Vm - Vv| p Ja < C(p, n, A) f (\Vu\ p + |F|A) dx. 

B3 Z?3 

This together with Lemma [33] yields (13.41) . On the other hand, (13.51) is a consequence of (13.4b and 
the estimate 

^ \v\ p dx<2 p - l l f \u\ p dx + I" \u - v\ p dx\ < C(p,n)\ f \u\ p dx + f \Vu - Vv\ p dx\. 

B’x B 3 Bt, Bt. Bt, 


□ 


4. Approximating solutions 

The goal of this section is to prove a result allowing us to compare solutions originating from 
two different equations. 

4.1. Strong compactness of the class G of vector fields. In this subsection we give some elemen¬ 
tary arguments showing that the class of vector fields G 5 ,( 17 ) is relatively compact with respect to 
the pointwise convergence. Let us first recall the sequential Bocce criterion in |jT]. 

Definition 4.1. We say that a sequence {ft } in L*(B 3 ; R") satisfies the sequential Bocce criterion if 
for each subsequence {fkfi of{fk], each e > 0 and each measurable set E c £3 with \E\ > 0, there 
exists a measurable set A c E with |A| > 0 such that 

(4.1) lim inf ( \f (x) - (f k] ) A \dx < e. 

The following result is a special case of 01 Theorem 2.3]. 

Theorem 4.2. (Theorem 2.3 in /Q3/) Let {fk\ be a sequence in L l (B 3 : R”). Then {/)} converges 
strongly to f in L l (B 3 ; R”) if and only if 

(1) [fk\ converges weakly to f in L*(B 3 ; R"). 

(2) {fk\ satisfies the sequential Bocce criterion. 

An application of Theorem 14. 2 1 gives: 

Lemma 4.3. Let // : (0, 00 ) —> 1 . be a function satisfying lim,._ > o + tj(r) = 0. Suppose {fk} converges 
weakly to f in L l (Bp, R”), and 

sup sup dr \f k (x) - (f k )B r (x 0 )\dx < q(r) 
k xq-. B r (x 0 )cB 3 JB r (x 0 ) 

for all r > 0 sufficiently small. Then {f k } converges strongly to f in L l (Bp, R"). 














GRADIENT ESTIMATES FOR QUASILINEAR ELLIPTIC EQUATIONS 


9 


Proof. By Theorem 14.21 it is enough to check that {f k } satisfies the sequential Bocce criterion. For 
this, let e > 0 and let E c If be a measurable set with \E\ > 0. Then by the Lebesgue differentiation 
theorem, there exists x 0 e E such that 

I E n Bfx o)| 


(4.2) 


lim 

r->0+ 


|£,(*o)l 


1 and lim 

r->0 + 


"f f = "f fXE = /(*,). 

JB r (x o) JB r (x 0 ) 


For all r > 0 small, we have with A r := E n B,(xf) that 


l 


l 


I fk(x) - ( fk)A,\ dx< - f \f k (x) - (fk)B,.(xo)\ dx + 
|5 r (x 0 )| 


f *~f 

Bfixct) A,- 


fk 


< 


IA r 


-/7(r) + 


f 

B B r (x o) Da,. 


fk 


dk. 


It follows by taking k —■» oo and using the weak convergence of {/a} to / that 


lim sup 

k~*oo Ja, 


f 


!/*(*) - (/*)a,I dx < —77-7— /7(r) + 


|A,| 

|£r(*o)l 

|A r | 


?7(r) + 


f '-f 

B B r {x o) Da, 

f /-^ff fXE 
BbXx o) kM B BXxn) 


dr > 0 small. 


Thanks to (14.21) and the assumption lim r _ )0 + q(r) = 0, we can choose r > 0 sufficiently small such 
that the above right hand side is less than e. Thus {f k } satisfies the sequential Bocce criterion and 
the proof is complete. □ 


The strong compactness of G/},(//) is given by the next result. This technical lemma will be used 
in Subsection l4.2[ 

Lemma 4.4. For each positive integer k, let a k : B 3 x K x R" —» R' 1 be a vector field satisfying 
conditions (II .31) — (II .41) and (HI )-(H2). Then there exist a subsequence still denoted by {a /f } and a 
vector field a : B 3 x K x R" —» R" such that 

a k (x, z, f) —> a(x, z, f) for a.e. x e B 3 and for all (z, ()eKxR“. 

Moreover, a is continuous in the £, variable. 


Proof. We first observe the following. 

Claim: For any sequence {f ,\ c R" with f n —> f, there exists a constant C > 0 depending only 
on p and A such that 

(4.3) sup sup _ |a*(*, z, f m ) - a k (x, z, f n )\ < C max {\f m - f n \, \f m - f\ p ~ l + \f n - f\ p ~ 1 } 

k (x,z)eB 3 x K 

for all m and n sufficiently large. Since the case f - 0 is obvious from (11.31) . we only need to prove 
the claim for the case f d 0. Then there exists Ao e N such that f k e B(f, 7 ) for all k > Nq. Hence 
we get from the mean value property and (HI) that 

|a*(jc, z, f m ) - n k (x, z, f n )\ = \d^a k (x, z, af m + (1 - a)f n )\\f m - f n \ 

< A| af m + (1 - a)f n \ p ~ 2 \f,„ - f n \ < C\f m - f n \ dn, m > A 0 , 


giving the claim. 

Next let (z, ()eICx R” be fixed and define 

a k (x) : = a k (x, z, f) for x e B 3 . 

Then {a*} is bounded in L°°{Bf) by (11.3b and so there exists a subsequence depending on (z, fi) and 
a e L“(B 3 ) such that 


a k a weakly-* in L°°(£ 3 ; R"). 























10 


T. NGUYEN AND T. PHAN 


Hence it follows from condition (H2) and Lemma 1431 that a k —> a strongly in L*(5 3 ; R"). Thus 
we can extract a further subsequence, still denoted by {&*}, such that ‘A k (x) —* a(x) for a.e. x e B$. 

Therefore, we infer from the diagonal process that there exist a subsequence {at} and a vector 
field a : B 3 x (K n Q) x (R' ! n Q") —> R" satisfying 

a k (x, z, Z) -» a(x, z, Z) 

for a.e. x e B 3 and for all (z,£) e (K n Q) x (R' ! n Q"). We are going to show that a admits an 
extension on B 3 xKx W with the property 

(4.4) a*(jc, z, Z) —> a(jc, z, £) for a.e. x e fi 3 and for all (z, ()eKxI". 

Let (x, z, £) e £ 3 xKxR" and take a sequence {(z„,£„)} c (KnQ)x(R' ! nQ' ! ) such that {z n ,Zn) —> (z,Z)- 
By using (11.41) and (14.31) we obtain for all m, n large that 

|a*.-(x, Z m ,(Tm) a&(x, Zn, ^7i)l — I^ZrC-^-, Zm; Zm) a&(x, Z«, ^m)l "t" 3/^(.V, Z.rn ("m) a k (x, Zn,Zn)\ 

< A|z m - z„| |£„| p-1 + C max {|£ m - £„|, |f m - £| p_1 + \Z„ - } VC 

It follows by taking k —> oo that 

(4.5) |a(x,z m ,£ m )-a(x,z„,£,)| < A|z m - z„| \Zm\ p ~ x + Cmax{|^ m - Z„\, \Z m ~Z\ p ~ X + \Zn~Z\ p ~ X ) 
for all m, n sufficiently large. Thus, {a(x, z„, <*;„)} is a Cauchy sequence in R" and we define 

a(x, z,Z) := lim a(x, z„, £,). 

n—>oo 

We note that this definition of aQc,z,£) is independent of the choice of the sequence {(z„, £„)}. 
Indeed, if {(z' n , £'„')} is another sequence in (KnQ)x (R' ! n Q") satisfying (z' n , Zh) —» (z,£), then by 
the same arguments leading to (14.51) we have 

|a(x,z„,&) -a(x,z;,Ol < A|z„ -z'JI&r 1 + Cmax{|£, -£|, I^Wr’ + |£ -fr 1 }. 
Therefore, the convergent sequences {a(x,z n ,Zn)) and {a(x,z',£')} have the same limit. 

Let us now verify (14.4b . Let(x, z, Z) e B 3 xKxR" be arbitrary. Take {(z„,£„)} c (KnQ)x(R"nQ") 
be such that (z„, Zn) —> (z, £). Then the triangle inequality gives 

|ad>,z,£) - a(x,z,£)| < |ad>,z,£) - a k (x,z,Zn)\ + la^C*, z, £0 - a k (x,z„,Zn)\ 

+ \a k (x, Zn, Zn) ~ a(x, Zn, Zn )I + |a(*, z n ,Zn) ~ a(x, z, Z )I V«. 

Moreover, it follows from (14.31) by letting m —» oo that 

(4.6) |a*(jc, z, Z) ~ a k (x, z, £„)l < Cmax {|f - £ n |, |£„ -£| p_1 }. 

Thus, we deduce that 

la k (x,z,Z) ~ &(x,z,Z)\ < Cmax{\Z - Zn\, \Zn ~ Z\ P ~ X ) + A|£/ _1 |z - z„| 

+ \a k {x, Zn, Zn) - a(x, Zn, Zn) I + |a(x, Zn, Zn) ~ a(x, z, Z) I Vn > M), 
where No depends on Z but independent of k. Consequently, 

lim sup \a k {x, z, Z) ~ a(x, z, Z)\ < C max {|£ - £„|, |f„ - £| p_1 } + A|£/ _1 |z - z„| 

>oo 

+ \a(x,z n ,Zn) -a(x,z,Z)\ 

for all n > N () . Letting n —> oo, we conclude that a k (x,z„Z) —> a (x,z,Z) and hence (14.41) holds true. 

It remains to show that a is continuous in the Z variable. To see this, let Zn —> (r in R”. Then (14.61) 
is satisfied for all k and so by letting k tend to infinity and using (14.41) we obtain 

\a(x,z,Z) ~ a(x,z,Zn)\ < C max [\Z - Zn\, I Zn~Z\ P ~ 1 } for all large n. 

Therefore for a.e. x € Z? 3 and all z e K, the vector field Z a{x, z, Z) is continuous on R". □ 
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4.2. An approximation lemma. We begin this subsection with a result needed for the proof of 
the approximation lemma (Lemma I4~6l) . 

Lemma 4.5. Let io : [0, oo) —> R be a function satisfying lim i _ >0 + ta(s) = to{ 0) = 0. For each k, let 
A k :B 3 xKx R' ! —> R" be such that for a.e. x £ 5 3 there hold 


(4.7) 

(A k (x, z, f) - A k (x, z, rf),f - rj) > 0 

Vz £ K and V£, 17 € R", 

(4.8) 

\A k (x,z,f)\<A(l+\f\ 2 )^ 

V(z,£) efxR", 

(4.9) 

\A k (x,Zi,f) - A k (x,zi,f)\ < wflzi -Z 2 IXI + l^ r | 2 ) i ^ 

Vz lf z 2 el and Vf £ R” 


Suppose in addition that A k (x,z,L) —> A {x,z,f) for a.e. x £ B k and for all (z, if) eKx R", where 
A : B 3 X K X R" —> R” L continuous in the f variable. Let u k € lL l p ($ 3 ) <2 weak solution to 

(4.10) div A k (x,m k ,Vu k ) = divF k in B k 

with m k £ L l (Bf) satisfying m k (x) £ K for a.e. x £ B k . Assume that u k —> u strongly in L p {Bf), 

, , P 

Vic —^ Vw weakly in L P (B{), nr —> m a.e. in B 3 , F /c —> 0 strongly in L''-' (B 3 ; R"), erne/ 

(4.11) Afc(jc, m k , Vu k ) —*■ f weakly in L^{Bp R") for some £ £ L~{Bj', R"). 


77ie« we /zave 


^(x) = A(v, m(v), Vu{x)) for a.e. x £ Z? 3 . 


Proof. We shall use Minty-Browder’s technique which employs monotonicity to justify passing 
to weak limits within a nonlinearity (see Ifl5l[23ll26l0 . This technique was also used in |3]. Let 
4> £ Cf(B k ) be a nonnegative function. Then for any function v £ W x,p {Bf), we have from (14.71) that 

J' ^A k {x, m k , Vu k ) - A k {x, m k , Vv), Vu k - Vv^ fdx > 0 


which can be rewritten as 


(4.12) 


/< 

Jb 3 

-/« 

Jb 3 


f< 

Jb 3 


(A k(x,m ,Vu ),Vu )(pdx - I (A k (x,m,Vu),Vv)(pdx 


(A k (x,m k , Vv), Vi/' - Vv)fdx > 0. 


By using u k f as a test function for (14.101) . we see that the first term in (14.121) is the same as 


-/< 

Jb 3 


(A k (x, m k , Vi/), Vf)u k dx + 


f <F k , 

Jb 3 


fVu k + u k Vf)dx. 


Therefore, inequality (14.121) becomes 


(4.13) 


-f< 

Jb 3 

-f 

Jb 3 


(A k {x, nf, Vic), V<p)u k dx + 


f <F*, 

Jb 3 


fVu k + u k Vf)dx 


(A k (x, m k , Vi/), Vv)fdx - 

Jb 


(A k (x,m k , Vv), Vi/ - Vv)fdx > 0. 


b 3 


Notice that since 

|A*(jc, m k , Vv) - A(x, m, Vv)| < |A^(x, m k , Vv) - A k (x, m, Vv)| + \A k (x, m, Vv) - A(x, m, Vv)| 

< a>(\m k - m|)(l + |Vi’| 2 )+ |A fc (x, m, Vv) - A(x, m, Vv)|, 
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we get A k (x,m k ,Vv) —> A(jc, m, Vv) for a.e. a g fi 3 . Hence we conclude from condition (14.81) 
and the Lebesgue’s dominated convergence theorem that A k (x, m k , Vv) —> A(x, m, Vv) strongly in 
Lr^(By, R"). Therefore, 

lim I (A k (x, m k , Vv), Wu k - Vv)0 dx = I (A(x, m, Vv), Vm - Vv)0 dx. 

<r_>0 ° Jb 3 Jb, 

Using this and assumption (14.1 II) . we can pass to the limits in (14.131) to obtain 

(4.14) - ( (£,V<p)udx - 

Jb 3 

On the other hand, by choosing uf as a test function for equation (14.101) and passing to the limits, 
we get (f, V(w0)) dx = 0 which yields - f B (£, V<f>)u dx = f B {£, Vu)(p dx. Hence we can rewrite 
(14.141) as 


I (£, Vv)0 dx - I (A(x, m, Vv), Vm - Vv}0 dx > 0. 

Jb 3 Jb 3 



(£ - A(x,m, Vv), Vm - Vv)<pdx > 0. 


By taking v = u ± aw and letting a —* 0 + , one easily deduces from the above inequality and the 
assumption A being continuous in the f variable that 



(£ - A(x, m , Vm), Vw)f dx - 0 


for all functions w G W 1,P (B 3 ) and all nonnegative functions f G C^(B 3 ). It then follows that 
£ = A(x, m, Vm) a.e. in B 3 . □ 


The following approximation lemma plays a central role in our proof of Theorem l2.4l It is crucial 
that the constant 6 > 0 is independent of the parameters A and 9. We shall prove it by extending the 
compactness argument used in Ifl7l Lemma 2.11] and for this purpose we define 


4,aW := sup sup 

zeK £*° 


\A(x,z,f) -a(x,z,£)| 


Lemma 4.6. Let A satisfy (II.21) — (II,4b . a G Gb 3 (tj), and M 0 > 0. For any s > 0, there exists 8 > 0 
depending only on s, A, p, rj, n, K and M {) such that: if A > 0, 0 < 9 < 1, 


"T d\ a 

Jb 3 


(a) dx < 8, 


f 

Jb 4 


|F| p- 1 dx < 8, 


and u G is a weak solution of 


(4.15) 
satisfying 

(4.16) 


div [ 


A(x, A9u, AVu)- 


Ap 


-i 


div F in 


B 4 



and 



\Vu\ p dx < 1, 


and v G W 1,p (B 3 ) is a weak solution of 


(4.17) 

then 

(4.18) 



B 3 , 

ob 3 , 
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Proof. We prove (14.181) by contradiction. Suppose that estimate (14.181) is not true. Then there exist 
s 0 , p. A, Tj, n, K, Mo, sequences of positive numbers and {0 k }°f ={ withO < 6 k < 1, sequences 

{A*}“, and {a*}£Lj with A k satisfying the structural conditions (1 1 .2b — (1 1 .41) and a k £ G/jf ij), and 
sequences of functions {FJ“ v {u k }^ =l such that 

W{x,z,f)-{a k ) Br (x 0 )i.z,O\ , , s 

- dx < tj(z, r). 


sup sup 

x 0 : B r (x Q )cB 3 JB r (x 0 ) 


^B r i 


l ^ 1 


(4.19) 


T d Ak , ak (x)dx <-, T 
Jb 3 k Jb. 


p 1 

|F fc | p- 1 dx < 
b 4 k 


u k £ Wj P {Bf) is a weak solution of 


div [ 


A k (x, A k d k u k , A k Vu k ) 


jp-! 


| = div F/, in If 


with 

(4.20) 

(4.21) 


( f \u k \ p dxf 

B4 

f 


P Af° 

< -— and 


A k 0 k 


fi 

Jb 4 


\Vu k \ p dx< 1, 


| u k - v k \ p dx > s p for all k. 


Here v k £ W l,p (Bf) is a weak solution of 


div [ 


a k (x,.\ k 8 k G ,A k Vjp 




0 in B 3 , 

u k on dB v 


Let us set 


in a i A k {x,z,A k f) , „ , -v a k (x,z,AiS 

a k : = A k 6 k , A k (x, z„f) :=-—- and a k (x, z,f) := 


A 


p -1 


Then, we still have 

and 
(4.22) 


sup sup 

x 0 : B r {x 0 )cB 3 jB r (x 0 ) 


f 

; JB,-(. 


dk k , «*(■*) = d\ kklk (x) 

\a k (x, z, f) - {h)B r (x a fz,f)\ 


\f\ p 


-1 


Jx < ?/(z, r). 


Moreover, u k is a weak solution of 

(4.23) div A k {x, a k u k , Vu k ) = div F* in B 4 , 

and v k is a weak solution of 

diva k (x,a k v k ,Vv k ) = 0 in 5 3 , 

v* = u k on dB 3 . 


i 

Using Sobolev’s inequality, Lemma [3~4l ( \u k \ p dxj p < £■ and (14.191) . we obtain 

f |/-v fe | p rfx<C f |Vh*- VvY^<C(p,n,A) f (|wY + |F*|£)d* < c[(—) p + r 1 ]. 
Jb, Js, Jb, 


Thus we infer from (14.21b that 


< 


M n 


C 'eo - k~ 
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and so the sequence {or*.} is bounded. From this, Lemma l4~4l and by taking subsequences if neces¬ 
sary, we see that there exist a constant a £ [0, oo) and a vector field a : B 3 x K X R" —* R" being 

continuous in the £ variable such that a k —> a and a k (x, z, g) —> a(x, z, £) for a.e. x £ B 3 and for all 

(z,£) G K x R”. Moreover, (14.191) implies that, up to a subsequence, d\ kM (x) —> 0 for a.e. x £ B 3 . 
Thus, we also have A k (x, z, £) —» a(x, z, £) for a.e. x £ B 3 and for all (z, ^)eKxff. 

By using the pointwise convergence, it can be verified that a satisfies conditions (II .21) — (1 1 .41) . We 
are going to derive a contradiction by proving the following claim. 

Claim. There are subsequences {u km } and { v km } such that u k,n - v km —> 0 in LP(B 3 ) as m —» oo. 

Let us consider the case a > 0 first. Then, thanks to (14.201) . the sequence {u k } is bounded in 
W l ’ p (B 3 ). Likewise, by using (13.51) and Proposition [3T2] with A (x,z,£) = a k {x, a k z ,£) and F = 0, we 
also have that the sequence {v*} is bounded in W Lp (B 3 ). Therefore there exist subsequences, still 
denoted by {u k } and {v*}, and functions u,v £ W liP (B 3 ) such that 

u k —> u a.e. in B 3 , u k —> u strongly in U\B 3 ), Vi/ —^ Vu weakly in L P (B 3 ), 

v k —> v a.e. in B 3 , v k —> v strongly in L P (B 3 ), Vv k Vv weakly in L P (B 3 ). 

In particular, we have 

(4.24) u(x), v(x) £ —K for a.e. x £ B 3 , and u = v on dB 3 . 

a 

Also as the sequence {A fe (x, a k u k , Vz/)} is bounded in L^(B 3 ; R”), by taking a subsequence there 
exists £ G L^(B 3 \ R”) such that 

A k (x,a k u k ,Vu k ) — k / weakly in L^(B 3 ; R"). 

But by applying Lemma 1431 for m k {x) ^ a k u k (x) and m(x) ^ au(x), we obtain f = a(x, au , Viz). 
That is, 

A k (x, a k u , Viz ) —^ a(x, au, Vu) weakly in L~(B 3 ; R' ! ). 

Therefore, 

(4.25) lim ( (A k (x, a k u k ,Vu k ),V<p)dx = ( (a(x, au, Vu), Vp)dx for all tp £ C™(B 3 ). 

k ^°° Jb 3 Jb 3 

Thus by passing k —> oo for equation (14.231) . one sees that u is a weak solution of the equation 

(4.26) diva(x, au, Vu) = 0 in B 3 . 


Similarly, v is a weak solution of 


div a(x, av, Vv) = 0 in B 3 . 

Hence due to (14.241) and by the uniqueness of the weak solution to equation (14.261) as explained in 
Remark [2T2l we conclude that zz = v in B 3 . It follows that u k -v k —> u -v = 0 strongly in L P (B 3 ). 

Now, consider the case a = 0, that is, a k —> 0. Let u k := a k u k , v k := a k v k , w k := u k - u k B and 
h k := v k - u k rj . where u k B := j- u k (x) dx. Then w k £ W]f c (B A ) is a weak solution of 

(4.27) divA^Ct, u k , Vw k ) = divF^ in B 4 


and h k £ W l,p (B 3 ) is a weak solution of 


(4.28) 


div a k (x, v k , V/r) 


0 


hr = w k 

By applying Proposition 13 .21 for w v k , ip ~v> u k , F = 


in B 3 , 
on dB 3 . 

0 and using (14.201) . we get 



| Vv k \ p dx<C f 
Jb 3 


\Vu k \ p dx < C 


for all k. 


(4.29) 
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Consequently, 


/ 

Jb 3 


| Vk* - Vv k \ p dx < 2 P 


-i 


f | Vu k \ p dx+ f 
Jb 3 Jb 3 


\Vv k \ p dx 


< C 


which together with the Sobolev’s inequality gives 


(4.30) 


f 

Jb 3 


■f 

Jb 3 


| u k -v k \ p dx<C \V(u k -v k )\ p dx< C. 


Notice that on one hand the Poincare inequality gives 


f \w k \ p dx = r \u k - u k Bi \ p dx < C f \Wu k \ p dx<C. 

B-$ Bt, B 3 


On the other hand, by employing the Poincare inequality, (14.291) and (14.301) we obtain 


\\h k \\LP(B 3 ) - \\v k - Ms 3 II LP(B 3 ) 


< 


Vb 3 IIlp(B 3 ) + \B 3 \ p I u k B3 - Vg 3 | 


< C||Vv A ||gp(B 3 ) + || u k - v a ||lp(b 3 ) ^ C. 


Therefore, { w k } and {h k \ are bounded sequences in W X,P (B 3 ). Moreover, | v k | is bounded in W X,P (B 3 ) 
owing to (14.291) and 

I|v A ||lp(B 3 ) ^ l|/|l ZT(B 3 ) + \\u k ~ V A ||bp(b 3 ) < I- 64 I'’- C. 

Consequently there are subsequences, still denoted by {w k }, \h k \ and { v k } and three functions 
w,h,v € W Up (B 3 ) such that 

w k —> w a.e. in B 3 , w k —> w strongly in L P (B 3 ), Vw* —>■ Vw weakly in L P (B 3 ), 

h k —> h a.e. in B 3 , h k —> h strongly in L P (B 3 ), Vh k Vh weakly in L P (B 3 ), 

v k —> v a.e. in B 3 , v k —> v strongly in L P (B 3 ), Vv k —* Vv weakly in V\B 3 ). 

Since V v k = a k Vv k —> 0 in L P (B 3 ) thanks to (14.291) . we infer further that Vv* —> Vv = 0 strongly in 

L P (B 3 ). Thus, v is a constant function. As Vw* = a k Vu k —» 0 in L P (B 3 ) and 

II U k - v||lp(B 3 ) ^ l|w* _ V A |Ilp(B 3 ) + I |v A - v|Ilp(B 3 ) 

= QTjtll U k - V k \\ LP(B 3 ) + l|v* - v|| U’(B 3 ) ^ Car + JJv* - v||lp(B 3 )j 


we also have u k —> v strongly in W 1,P (B 3 ). By taking a further subsequence, we can assume that 
u k (x) —> v a.e. in B 3 . 

It follows from Lemma 03] for m k {x) *** u k (x) and mix) ^ v that 

A k (x, u k , Vw*) —^ a(x, v, Vw) weakly in (B 3 ; R") 
up to a subsequence. Then as in (14.251) . one gets for all ip e C^(B 3 ) that 

lim I (A k (x, w*, Vw A ), Vip)dx = | (a(v, v, Vw), Vtp)dx. 

k ^°° Jb 3 Jb 3 

Hence by passing to the limit in equation (14.271) . we conclude that w is a weak solution of 


div a(jc, v, Vw) = 0 in B 3 . 

Likewise, we deduce from (14.281) that h is a weak solution of 

| div a(v, v, V/ 7 ) = 0 in B 3 , 

' ( h = w on dB 3 . 

By the uniqueness of the weak solution to equation (14.311) . we conclude that h = w in B 3 . This 
gives, again, u k - v k - w k - h k —> 0 in L p (B 3 ) as k —> 00. Therefore, we have proved the Claim 
which contradicts (14.211) . Thus the proof of (14.181) is complete. □ 
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5. Approximating gradients of solutions 
Throughout this section, let co : [0, oo) — > [0, oo) be the function defined by 


r\ 

2A 


if 0 < r < 2 , 
if r >2. 


(5.1) w(r) = 

Notice that if a satisfies (II .31) — (II .41) . then we obtain from the definition of to that 

(5.2) |a(*,zi,£) -a(x,Z2,&\ < toQzi -z 2 l)l£l p_1 Vzi,z 2 e K. 


Our aim is to approximate Vw by a good gradient in LP norm, and the following lemma is the 
starting point for that purpose. 

Lemma 5.1. Assume that A satisfies (1 1 .21) — (1 1 .31) . a € G B ,(r]), M 0 > 0, A > 0, and 0 < 0 < 1. Let 
u G be a weak solution of (14.151) with -f \Vu\ p dx < 1 and ||F|| p <1. Then for any 

l° c JB 4 LP-* (B4) 

weak solution v € W l,p (Bf) of (14.171) satisfying ||v||z,°°(g 3 ) < we have: 

(i) If p > 2 , then 


f 

Jb 2 


|Vz< - Vv | p dx < C 


I [m(|/l@(M - V)|) + ^A.aWl ’’ ' dx + I 

Jb 5 1 Jb 5 


|F| p- 1 dx\ + C\\u - v||lp( B j). 


(ii) If 1 < p < 2, then 



| Vm - Vv | p dx < 



[o»(|/1@(m - v)|) 


+ 



p ' l dx + 



p c 

+ Ccr 2 -p H-1 |u - v||iP(B 5 ) 

cr 1 


for every cr > 0 small. 


Here the constant C > 0 depends only on p, n, rj, A, K and M 0 . 


Proof Observe that if we let v(y) := A0v(y/6), then ||v||L»(g 3e ) < M 0 and v is a weak solution of 
div a(y, v, Vv) = 0 in B 3e . Thus assumption (H3) about interior Vk'^-estimates gives 

(5.3) II V v||£oo (s 5e) < C(p, n, r], A,K, M 0 ) -f |Vv | p dx. 

T JB 2 g 

On the other hand, it follows from Proposition 13 .21 and the assumptions that 


I|Vv|| LP (b 3) < C\\Vu\\ LP (b 3 ) < C(p,n, A). 

Therefore, we have from (15.31) by rescaling back that 

iJVvIl^ } < C(p, n, rj, A, K, M 0 ) -f |Vv| p dx < C(p, n, 77 , A, K, M 0 ). 


(5.4) 

Next for convenience, set 


Jg 3 


it ~ A(x, z, Af) a (x,z,Af) 

A(x,z,f) := 777 ^— and a (x,z,f) := —— r -. 


A p - 
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Let <p be the standard nonnegative cut-off function which is 1 on B 2 and supp(^o) c Bs. Then by 
using ip p (u - v) as a test function in the equations for u and v, we have 


/ 

Jb< 


(A(x, AQu, Vu), Vm - Vv)ip p dx 


- p f 

Jb* 


(A(x, AQu , Vw), V(p)(u - v)ip p 1 dx 


+ p J (a (x, AOv,Vv),Vip)(u - v)<p p 1 dx + f (a(x,AQv,Vv),Vu-Vv)<p p dx 
Jb 5 Jb 5 

i i 

+ J (F, V« - Vv)ip p dx + p j (F, V<p)(u - v)tp p ~ l dx. 

Jb 5 Jb 5 


This gives 


-l 

7 

= p f 

Jb i 


<A(a, AQu, Vu) - A(a, AQu, Vv), Vm - Vv)i p p dx 


{a(x, AQv, Vv) - A(a, AQu, Vu), Vip){u - v)<p p 1 dx 


+ I (a(x, AQv, Vv) - a(x, AQu, Vv), Vu - Vr >)<p p dx 
Jb 5 

1 

- I (A(x, AQu, Vv) - a(x, AQu, Vi’), Vm - Vv)<p p dx 

Jb 5 

2 

+ f <F,Vm- Vv)<p p dx + p f <F ,V<p)(u-v)(p p - l dx. 
Jb 5 Jb 5 


We deduce from this, the structural conditions, (15.21) and (15.41) that 


(5.5) I < pA 


+ A 


f (|Vv | p_1 + \Vu\”- l )\V<p\\u - v\<p p ~ l dx 

Jb 5 

co(\AQ(u - v)|) 


I 


A p 


-i 


I 


|V(dv)| p-i \Vu - Vv|^ p dx + I d A a (x)|Vv| p_ 1 1Vu - Vv| <p p dx 


+ f |F||Vm- Vv\ip p dx + p I |F|||V(/3||n - v\ip p ~ l dx 
Jb 5 Jb 5 

7 7 

< C J" [o>(|/l0(w ~ v )l)l + ^A,aW]l^ - Vv|<^ p dx + J" |F||Vw - Vv| ip F 

B 7 B 1 

+ cf||Vv||^(5 5 ) + \\^u\\lp(b 5 ) + l|F|| p )l|w - v|| L p(b 5 ) 

x 7 7 LP 1 (B 5)' 7 

2cr r 

p Jb 5 
+ RZ±J 

pcrp -i Jb 5 


■f 

Jb< 


dx 


< 


J 1 r* P 

|Vm - \ r v\ p (p p dx + C — - — I [m(|/i6J(M - v)|) + <iA,a(*)] ' dx 

pcrp~ Jb 5 


|F| p-'dx + C\\u - v||lp( B5 ) 

2 


for any cr > 0 . 
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Now if p > 2, then (11.21) implies A 1 f |Vu - Vv| p <p p dx < I. Hence by combining with ((57 

2 

and choosing cr > 0 sufficiently small, we obtain 


f 

Jb 5 


|Vu - Vv| p <p p dx < 


cjj" [a>(\A6(u - v)|) + 4,a(^)]'’ 'dx + J' |F|A<ixl + C\\u - v\\ mB ^ 


giving (/). On the other hand, if 1 < p < 2 then Lemma IXI1 yields 


2-p 

CT P 


f 

Jb< 


|Vh - Vv |Wdx 


~ TP f 

Jb 3 


\Vu\ p (p p dx < I 


for all r > 0 small. By combining this with the assumptions and (15.51) we deduce that 


2~p 

(r p 


- cr) f |Vm - Vv\ p (p p dx <—pi f \u){\A6{u - v)\) + dx^x)^ 'dx + f |F|p-‘<iA 
Jb 5 CFP — JB 3 J Bj 


2-p 


+ Ctp + C\\u - v|| LP{B 5 )- 

It then follows by taking t~F = 2cr that 

C 


^ |V» - Vv\ p tp p dx < — p- i I" \(jj(\A9(u - v)\) + d^ a {x)\ p ' dx + f |F| p- 1 ! 

Jb 5 ctp ^ Jb 5 l Jb 5 


JL. C 

+ Ccr 2 -p h—1 |u - v||lp(b 5 ) 
cr 2 


□ 


for every cr > 0 small. 

As a consequence of Lemma 14.61 and Lemma 15711 we obtain: 

Corollary 5.2. Let X satisfy (II ,2b — (II .4b . a e G B} (tj), and M 0 > 0. For any s > 0, there exists 6 > 0 
depending only on s, A, p, //, n, K and M {) such that: if A > 0, 0 < 6 < 1, 


"I d\ a 
Jb 3 


(a) dx < 6, 


f 

Jb 4 


|F| p- 1 dx < 6, 


and u G is a weak solution of (14.151) satisfying 


( -f \u\ p dx) p < ^ and -f \Vu\ p dx < 1, 
v Jb 4 A6 Jg 4 


and v G W 1 ’ p (Bf) is a weak solution of (14.171) with ||v||l»(s 3 ) < -p, then 


\Vu-Vv\ p dx<s p . 


f 

Jb 2 

Proof We will present the proof only for the case 1 < p < 2 as the case /? > 2 is simpler. Let s > 0 
be arbitrary. By Lemma (3741 and the assumptions, we have 

f |Vw - Vv| p dx < C(p,n. A) f (\u\ p + |F |£)dx < C* [(—) p + s]. 

Jb 3 Jb 4 1 AQ J 

Therefore, the conclusion of the lemma follows if Ad > (2C ’ '’ M ° . Thus, it remains to consider the 


case 


(5.6) 


A6 < 


(2C*)pMq 
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Now from Lemma EHii) and the boundedness of d Aa (x) we get 

(5.7) J |Vm - Vv | p dx < —— < I cu(| A 9 (u - v)|)~ dx + f (d Aa + IFI^ 1 ) dx 
Bi cr I B 5 JB s 


c. 


+ Ccr 7 ^ +—\\u - v\\lp(b 5 ) for all small cr > 0 . 

cr n 

Notice that for any r > 0 small, from the definition of a> in (15.11) we have 


a>(s) < r + 


2 A p 


,p-i 


T p 


-I 


Ms > 0 . 


Therefore by combining with (15.61) . one easily sees that 

co(\A9(u - v)\)^ <t + —(A6) p \u - v\ p < r + —| u - v\ p Vr > 0 small. 

jP T P S P 

P 

Hence by first selecting cr = cr(e,p ) > 0 small such that Ccr 2 -p < e p /5 and then choosing r > 0 
such that Cr/crFT < e p /5, we conclude from (15.71) that 


(5.8) 


/ 

Jb 2 


|Vm - Vv | p dx <2—+ 


C _ C6 C 

r ■ -— llw - v\\ LP(B5) + —£■ + — W u - v\\lp ( b 5) . 

5 T p E p O~ p ~ l 2 0~ p ~ l PP - 


Next let us pick e' > 0 small so that 

C 


C 


jr(e') p < — and -e' < —. 
T p £ p <T p ~ l 5 cr j 


Then by Lemma l4~6l there exists S' > 0 such that ||« - v||lp(b 3 ) < e' if f B d A , a (x)dx < S' and 

P 

k in p > dx < S'. Thus, by taking 6 := min {A. '' } we obtain the corollary from (15.81) . □ 

The next result is a localized version of Corollary 15.2[ 

Lemma 5.3. Let A satisfy (ll.2b - dl.4l) . and M 0 > 0. For any s > 0, there exists 8 > 0 depending 
only on s, A, p, rj, n, K and Mq such that: if A >0, 0 < 0 < 1, 0 < r < 1, 

(5.9) distiyX, G/j 3r ) < S and T |F \~ { dx < S, 

B^ r 

and u e w] o p (B 4r ) is a weak solution ofdiv | | = div F in If, satisfying 


l/“(B 4r ) ^ —r and 


Ad 


f 

B<\ r 


\Vu\ p dx< 1 , 


then 

(5.10) 

for some function v € W l,p (B^ r ) with 

(5.11) 


f 

J B 2r 


|Vm - Vv| p dx < s p 


IIVv ||£ 0O(B3 } < C(p,n,Tj, A, K, Mo) f |Vv|^x. 

2 JB 2r 


Proof It follows from Definition I2.fl and the first condition in (15.9b that there exists a vector field 
a! e G B3 (rj) such that 
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Define 


A'(x,z,f) = A(rx,z,f), F'(x) = F(rx), u(x) 


u(rx ) 


Let O’ := dr £ (0,1]. Then u' £ W]’ P (B 4 ) is a weak solution of 


div[ 


A'(jc, A6'u', AVu') 


A p 


-l 


]=divF' in B 4 . 


Notice that \\u'\\l°° (b 4) < and d A ^ a fx) = d Aa {rx). Thus we also have 

( £ | U '(xW dxf = £ \uiyW dyf < ^, £ |V M W dx = £ 


|V M (y)| p dy< 1, 


T d A ’, a ’(x)dx= T 

Z?3 ^Z?3r 


/B 4r 


£ |F'(jc)|^t Jjc = £ 


|F(y)k> dy. 


Therefore, given any s > 0, by Corollary 15.21 there exists a constant 5 = 6(s, A, p, q, n, K, Mo) > 0 
such that if condition (15.91) for A and F is satisfied then we have 


(5.12) 


f \Vu'(x)-W 
Jb 2 


(x)| p dx < 2"(o n s p , 


where V £ W l,p (Bf) is a weak solution of 


/ div l 

\ a '( x , Affv ' , AVv ') I 

L * p - 1 \ 

1 V' 



in B 3 , 
on dB 3 


satisfying ||v'||z.»(j} 3 ) < ^ 1 . Notice that the existence of such weak solution V to the above Dirichlet 
problem is guaranteed by Remark [T2l Now let v(x) := rv'(x/r ) for x £ B 3r . Then by changing 
variables, we obtain the desired estimate (15.101) from (15.121) . 

It remains to show (15.111) . Define v(y) = A0'v'(y/9'). Then ||v||/»(/j M ,) < M 0 and v is a weak 
solution of 

diva'(y, v, Vv) = 0 in B w . 

Since 0 < 6' < 1 and a' e Gg 3 (77), the assumption (H3) about interior W^-estimates gives 

l|Vv|| L°°(B le ,) - C (P ’ n . V’ A, K, m o) £ |Vv| p dx. 

~r 2 % 

This yields (15.1 II) owing to v(y) = A6v(y/Q) and ff /6 = r. 

□ 


Remark 5.4. Since the class of our equations is invariant under the transformation x i-» x + y, 
Lemma \5J\ still holds true if B, is replaced by B r (y). 


6. Density and gradient estimates 

We will derive interior Ib'^-estimatcs for solution u of (12.31) by estimating the distribution func¬ 
tions of the maximal function of |Vw| p . The precise maximal operators will be used are: 

Definition 6.1. The Hardy-Littlewood maximalfunction of a function f £ Lj ( R") is defined by 

(Mf)(x) = sup £ \f(y)\dy. 

P >0 Jb p (x) 

In case U is a region in R” and f £ L l (U), then we denote Muf = Ai(x uf)- 

The next result gives a density estimate for the distribution of A1 B 5 (|Vw| p ). It roughly says that 
if the maximal function A1 Bj (|Vm| p ) is bounded at one point in B r (y) then this property can be 
propagated for all points in B r (y) except on a set of small measure. 
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Lemma 6.2. Assume that A satisfies (1 1 .21) — (1 1 .41) . F e L~(B ( ,: 1 "), and M 0 > 0. There exists a 
constant N > 1 depending only on p, n, r/, A, K and Mo such that for any e > 0, we can find 
5 = 5(s, A, p, j j, n, K, M 0 ) > 0 satisfying: if A > 0, 0 < 6 < 1, 

sup sup dist(A, < 6, 

0<p<3 ytBi 

then for any weak solution u of (12.31) with ||m||z°°(b 5 ) < yf, and for any y e B h 0 < r < 1 with 
(6.1) B r (y) n n \B 5 : M B fi\Vu\ !> ) < 1} n { B 5 : Mb 5 (|F|A) < d} * 0, 


we have 

\{Bx : AMV«I") > N} n B r {y)\ < s\B r (y)\. 
Proof By condition (16.11) . there exists a point x 0 e B,iy) n B { such that 
( 6 . 2 ) M Bs (\Vu\ p )(x 0 ) < 1 and A4 b 5 (|F|^)(x 0 ) < 6. 

Since B 4r (y ) c B 5r (x 0 ) D B 5 , it follows from (16.21) that 

l^5r(*o)l 


£ 

£ 


\Vu\ p dx< 

Bo r (y) \B4r(y)\\B 5 , 


l^5r(^o)l 


|F| p - 1 dx < 

B 4r (y ) 1-^4,(y)| \B 5r y* 0 j\ JB 5 ,(io)nB 5 

Therefore, we can use Lemma [5731 and Remark [5~4l to obtain 


L- f \Vu\ r dx < [jf, 

•(•^o)l JB 5r (xo)nB 5 4 

— r 

(*o)l Js „ 


p ,5\n 
\F\^dx< (-) <5. 


(6.3) 


f 

oB 2r (y) 


\Vu-Vv\ p dx<y p , 


where v e W 1,p (B 3r (y )) is some function satisfying 


(6.4) 


l|Vv|| 


L°°(B 3r (y)) 


< C(p,n,ij, A, K, Mo) 


f 


JB 2r (y ) 


\Vv\ p dx. 


Here 8 = S(y, A, p, //, n, K, M 0 ) > 0 with y e (0,1) being determined later. By using (16.41) together 
with (16.31) and (16.21) . we get 


(6.5) 


HVvII^Q)) S V 

T 


' c (f 

\JB 2 r(y) 


\Vu-Wv\ p dx + 


j 

A B 2r (y) 


\Vu\ p dx) < Cfiy p + 1), 


where C* = C*(p, n, 77 , A, K, M 0 ). We claim that (16.21) . (16.31) and (16.51) yield 

( 6 . 6 ) {B r (y) : M B2r(y) (\Vu - Vv| p ) < C*} c {B r (y) : Mb 5 (\Vu\ p ) < N) 

with N := max {2 P+ 1 C*, 5"}. Indeed, let x be a point in the set on the left hand side of (16.61) . and 
consider B p (x). If p < r/2, then B p (x) c B 3r / 2 (y ) c and hence 

2 P 1 


15 


>001 X, 


lVu\ p dx< 

t p (x)nB 5 | 5 p (x)| 


[ f |Vm - Vv| p dx + f |Vv| p dx] 

1 JB p (x)nB 5 JB„(x)nBs 


i p (x)nB 5 

p 1 
i”(B3r6))J 


< 2 p - l [MB 2r(y f\Vu - VvlOW + HVvIl 

< 2 p -'cfy p + 2 ) < 2 / ’ + 1 C*. 

On the other hand if p > r/2 , then B p {x) c B 5p (x 0 ). This and the first inequality in (16.21) imply that 

5" 


15, 


>(*)! X, 


|Vn| p <fc< |B , „ , 

(p(.v)nB 5 l«5pfT 0 ;| jB 5p (x 0 )rB 5 


X 


\Wu\ p dx<5 n . 
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Therefore, Al B 5 (|V u\ p )(x) < N and the claim (16.61) is proved. Note that (16.61 ) is equivalent to 
{B r iy) : M Sj (|V#) > N) c {B r (y) : M B2r(y) (\Vu - Vv\ p ) > C*}. 

It follows from this, the weak type 1-1 estimate and (16.31) that 

Koo : M B5 (Wu\<’) > A}| < |{fl r (y) : M B 2 rW (|V M - VvH > C*}| 

<C f \Vu-Vv\ p dx<C'y p \B r (y)\, 

J B 2 r ( y ) 

where C' > 0 depends only on p, n, q, A, K and M 0 . By choosing y = we obtain the desired 
result. □ 

In view of Lemma [6721 we can apply the variation of the Vitali covering lemma given by [ 36[ 
Theorem 3] (see also ( 6 l Lemma 1.2]) for 

C = {B x : M B 5 (|Vm| p ) > N\ and D = {B x : M rh (\Vu\ p ) > 1} u [B x : M B f |F|A) > 6} 
to obtain: 


Lemma 6.3. Assume that A satisfies (II.21) — (II.41) . F e L~(Bp 1 "), and M 0 > 0. There exists a 
constant N > 1 depending only on p, n, q, A, K and Mq such that for any s > 0, we can find 
8 = S(s, A, p, q, n, K, M 0 ) > 0 satisfying: if A > 0, 0 < 6 < 1, 

sup sup distiX, < 8, 

0<p<3 y£B\ 


then for any weak solution u e w]f(Bf) of (12.36 satisfying 


l»(b 5 ) < —pp and |{£i : M B f\Vu\ p ) > N}\ < s\B x \, 

Au 

we have 

|{Bi : M B5 (\Vu\ p ) > A}| < 20> n s{\{B x : M B f\Vu\ p ) > 1}| + 1^ : M Bs (|F|A) > d} 

6.1. Interior gradient estimates in Lebesgue spaces. We are now ready to prove Theorem [2T4l 

Proof of Theorem \2.4\ Let N > 1 be as in Lemma l63l and let <71 = q/p > 1. We choose e = 
s(p, q, n, q, A, K, M 0 ) > 0 be such that 

= 20" e 


1 


2 m ’ 


and let 8 = 8(p, q, n. A, 77, K, M 0 ) be the corresponding constant given by Lemma [(PI 
Assuming for a moment that u satisfies 

(6.7) \{Bi : AV|V#)> N}\ <s\B x \. 

Then it follows from Lemma [(Pi t hat 

(6.8) | {B x : M B f\Wu\ p ) > A}| < e, (1(7?! : AVIV#) > 1}| + |{£, : M B f |F| A) > 8}\) . 
Let us iterate this estimate by considering 

u(x) F(jc) 1 

ui(x) = — r , Fj(a) = —^ and A x = N»A. 

NT’ 

It is clear that ||wi||z/» (B5 ) < jp and u x e Wj^fBfi is a weak solution of 

rA(jc, A x 6u x , A x Vu x )- 


div[- 


df 1 


-j=divF! in B 6 . 
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Moreover, thanks to (16.71) we have 

\{B { : M B5 (|V Ml H > N}\ = 1(5! : M Bs (\Vu\ p ) > 7V 2 }| < e\B x |. 

Therefore, by applying Lemma [63] to u\ we obtain 

|{5, : AV|V Ml n > N }| < e, (|{fii : M^utf) > 1}| + |{^! : > 5} 

= c, (|{7L : M B5 (\Vu\ p ) > 7V}| + |{fi! : M« 5 (|FR) > 6N }\). 

We infer from this and (16.81) that 

(6.9) | {B, : M B5 (\Vu\ p ) > 7V 2 }| < s\\{B x : M Bs (\Vuf) > 1}| 

+ e\\{B x : 7V1 B 5 (|F|Ft) > 6}\ + s l \{B l : M Bs (|F|^) > 6N}\. 

Next, let 

u(x ) F(jc) 2 

u 2 (x) = — r , F 2 (a) = 2 „,_ h and A 2 = N?A. 


2 ’ 

Np 


2(p-D 

N~ 


Then u 2 is a weak solution of 


. rA(x,A 2 0u 2 ,A 2 Vu 2 ) 


div[ 


jp - 1 


j = divF 2 in B 6 


satisfying 


Mn 


\\u 2 \\l-(b 5 ) < -t 4 and 1(7?! : Mb 5 (\Vu 2 \ p ) > 7V}| = 1(7?! : Mb 5 (\Vu\ p ) > iV 3 }| < e\B x |. 

/12C7 

Hence by applying Lemma El 31 to u 2 we get 

|{£i : M Bs (\Vu 2 \ p ) > 7V}| < e, (|{7?! : Mb 5 (\Vu 2 \ p ) > 1}| + |{5 2 : M B 5 (|F 2 |Fi) > 6 }\) 

= c, (|{7?i : M B5 (\Vu\ p ) > N 2 }| + |{5j : M« 5 (|F|^) > &V 2 }|). 

This together with (16.91) gives 

3 

|{7L : M Bs (\Vu\ p ) > 7V 3 }| < £ 3 |{7?i : M B ,(\Vu\ p ) > 1}| + e '|{7L : M B 5 (|F|ft) > dN 3_i }|. 

i= 1 

By repeating the iteration, we then conclude that 

k 

(6.10) |{fii : M Bs (\Vu\ p ) > 7V*}| < e\\{B x : M B5 (\Vu\ p ) > 1}| + : M Bs m&) > SN k ~ l 

i= 1 

for all k = 1,2,... This together with 

/-* r*c o 

M Bs (\Vu\ p r dx = c h t qi ~ [ \{B\ : M Bs (\Vu\ p ) > r }|dt 
Jbi Jo 

J r>N 00 pN k+I 

^'- 1 |{7 ? 1 : M B5 (\Vu\ p ) > t}\dt + qi V t q '~ l \{B { : M B5 (\Vu\ p ) > t)\dt 

o JN k 

oo 

< iV 9 l |B|| + (N qi - l)^^ 1 *!^! : A1 B5 (|Vh| p ) > N 1 


k= 1 
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gives 


J r* oo 

M Bs (\Vun qi dx < m\B x \ + (N qi - DI5J V(ei N qi ) k 

k~i 

oo k 

+ Z Z (Ar " - : ^(in^) > 


k= 1 i=l 


But we have 


oo k 


£ - 1)^ 1 V 1 |{5 1 : 7W B5 (|F| A) > SN k ~‘ 


k =1 (=1 


(-) 91 ^(oA^ 1 )' “ \)5 q 'N q ' {k - l - V) \{B ] : M B5 (|F|ft) > 


1=1 


- k=i 


& qi J](si Nqi y J](N q ' - !)<5« 1 iV ?l(/ " 1) |{5 1 : M B5 (|F|ft) > «^}| 


i= 1 


L 7=0 


A 7 a* 

<(yf[ 


Thus we infer that 

M Bs (\Vu\ p ) qi dx < N qi \B { \ + 


f 

JBx 


Mb 5 (|FR) ?i dx 


(N qi - 1)15,1 + f 
° Jb { 

N C °° 

= A^|5il + (N qi - 1)1^1+ (-) ?1 M Bs m^) qi dx y 2 

L d \ti 

f 

J B{ 


N q ') k 


<C 1+ M B A\F\ — ) qi dx 


with the constant C depending only on p, q , n, A, q, K and M 0 . On the other hand, \Vu(x)\ p < 
M B J\Vu\ p ')(x') for almost every jc e By. Therefore, it follows from the strong type q\ - q\ estimate 
for the maximal function and the fact q\ = q/p that 


( 6 . 11 ) 


f 


J |F|FTJxj, 


\Vu\ q dx < C( 1 + J |F|— dx\. 

We next remove the extra assumption (16.71) for u. Notice that for any M > 0, by using the weak 
type 1-1 estimate for the maximal function and Lemma [33] we get 

C(p, n, q. A) 


(B, : AMV„n > NM- 1| < ^ I \Vu\ p dx< 
Therefore, if we let 


Mp 


( ^ \u\ p dx + f |F|p-‘ dx). 
v Jb 6 Jb 6 


, u(x, t) .. A4p C(p,n,i 7 ,A)[l| M |iy B6) + ll|F|A||^ 6) ] 

u(x, t ) =- with M p =- 

M s\B\\ 

then |{£i : Af B5 (|Vn| p ) > A}| < £|Bi|. Hence we can apply (16.111) to u with F and A being replaced 
by F = F/M p ~ l and A = AM. By reversing back to the functions u and F, we obtain the desired 
estimate (12.41) . □ 


We next show that Theorem 1 1.1 l is just a special case of Theorem l2.41 
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Proof of Theorem l/./l For each 0 < p < 3 and y e B\, let 

a p , y (z,f) : = T A(y + ^x, z, f) rfx = A SpCy) (z, £). 

Js 3 J 

Then it is easy to see from the assumptions for A that a PiJ satisfies (11,2b — (11 .4b and (H1)-(H2) with 
77 := 770 = 0. Moreover, a fKy also satisfies condition (H3) thanks to lfT 8 l Theorem 1.2]. These imply 
that a [Ky e G'/},(/ 7 o). Thus a PJ e G/j p q)(? 7 o), and hence 


dist(A, G Bp 0 ,)(77o)) < f [sup sup 

JB n (y) £*° 


|A(x,z,£) 


W' 


^B p (y)(Z,f) |-1 

- \dx < 6. 


Since this holds for every 0 < p < 3 and y e B u Theorem 11.11 follows from Theorem 12.41 


□ 


6.2. Interior gradient estimates in Orlicz spaces. In this subsection we show that the interior 
estimates obtained in Theorem 12.41 still hold true in Orlicz spaces. This is achieved by the same 
arguments as in Subsection 16. II which illustrates the robustness of our method. This subsection is 
motivated by |[2l Section 4] where Byun and Wang derived similar estimates for the case A(x, z, £) 
is independent of z. 

Let us first recall some basic definitions and properties about Orlicz spaces (see fl2l]|32]|). A 
function (p '■ [0, 00 ) —» [0, 00 ) is called a Young function if it is increasing, convex, and 


m = 0 , 


lim 

;-> 0 + 


<P(t) 


0 , 


lim 

t —>00 


<P(t) 


00 . 


Given a Young function <p and a bounded domain U c 
the linear hull of K'fU) where 


\ the Orlicz space LffU) is defined to be 


K%U) := \g : U 


. measurable 


■£ 


f(\g\)dx < 


We will need the following well known conditions for f. 


Definition 6.4. Let f be a Young function. 

(i) (p is said to satisfy the A 2 - condition if there exists a constant /j > 1 such that (p(2t) < jj cp(f) 
for every t > 0 . 

(ii) (p is said to satisfy the V 2 -condition if there exists a constant a > 1 such that (p{t) < 2-(p(at) 
for every t > 0. 

We will write <p € A 2 D V 2 to mean that <p satisfies both (i) and (ii). Notice that (p e v 2 implies the 
quasiconvexity off (see / T27] Lemma 1.2.3]). 

The next elementary lemma gives a characterization of functions in Lf(U) in terms of their 
distribution functions. 

Lemma 6.5. Assume cp e A 2 n V 2 , U is a bounded domain, and g : U —> R is a nonnegative 
measurable function. Let v > 0 and a > 1. Then 

OO 

g e L\U) <=> 5 := ^ f(a j ) |{x g U : g(x) > va j )\ < 00 . 

7=1 

Moreover, there exists C = C(v, a,(p) > 0 such that 

^S < ^<P(g)dx<C(\U\+S). 
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Proof. This follows from the representation formula 

/-* /~*oo 

I (p(\g\)dx= I \{x e U \ g{x) > A}\d<p(A) 

Ju Jo 

and the fact LffU) = K^fU) when f G a 2 . □ 

Now we state the version of Theorem I2.4l for Orlicz spaces. 

Theorem 6.6. Assume that A satisfies (11 .2b — (II .4b . and M () > 0. For any q > p, there exists a 
constant 6 = 8(p, q, n, A, q, K, M 0 ) > 0 such that: if A > 0, 0 < 6 < 1, 

sup sup disty A, G Bp (y){q)j < 8, 

0<p<3 y&B\ 

and u G w!' p (B 6 ) is a weak solution of (12.31) satisfying ||m||l~(bo < then: 


( 6 . 12 ) 


|F| A € Lfi{B 5 ) 


°(« 5 ) ^ 18 ’ 

\Wu\ p G lf{B x ). 


In order to prove Theorem l6.61 we need one more lemma concerning about strong type estimates 
for maximal functions in Orlicz spaces. 

Lemma 6.7 ( Theorem 1.2.1 in ED ). Assume <p G A 2 n V 2 and g G Lf{Bf). Then Msfig) g Z/(_B 5 ) 
and 


f f{M Bs l\g\))dx <C{n,(p) f 
Jb 5 Jb 5 


f{\g\)dx. 


Proof of Theorem 1 6. 6\ Since the arguments are essentially the same as those given in Subsec¬ 
tion [6J] we only indicate the main points. 

Let N > 1 be as in Lemma [6731 As f G A 2 , it is easy to see that there exists p > 1 such that 
(6.13) cp(Nt) < //>(() =: p x (pit) W > 0, 

where n 0 G N depends only on N. Let us choose e - s(p, f, n, q, A, K, Mf) > 0 be such that 

£, = 20" e = J-, 

2p { 

and let 8 = 8(p, f, n, A, q, K, Mf) be the corresponding constant given by Lemma [63] By consid¬ 
ering the function u := u/M instead of u as done at the end of the proof of Theorem 12.41 we can 
assume without loss of generality that condition (16.71) is satisfied. Thus, we obtain estimate (16.101) 
and hence 


(6.14) £ f(N k )\{By : M B f\Vu\ p ) > N k 

1 

00 00 k 

|5tl 2 + E X : M fls (|F|^) > 8N k -‘}\ =:S l+ S 2 . 


k= 1 


< 


k= 1 


k= 1 i= 1 


It follows from (16.131) that f(N k ) < and (p{N k ) < p\ l f(N k ;+1 ) for each i = 1,..., k. Conse¬ 

quently, 

00 00 


k= 1 


k= 1 


(6.15) 
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and 

oo oo 

S 2 <^ 1 £(,u iei y 2^-‘ +1 )|{5 1 : M* S (|F|A) > 6N k -‘ 

i = 1 L £=/ 

CX) oo 

= /^ : AW|F|A) > l N j } | 

<=i L/=i 

Hence by using Lemma [631 and Lemma [6771 we obtain 


dx. 


Si < c'YjjixEx) 1 f 0(M e5 (|F|A))jx < C f 0(|F|A) 

; = 1 dBl JBi 

This together with (16.141) and (16.151) yields 

Y J d>(N k )\{B l :M B5 (mn>N k }\<c[l+ cf>(\¥\^) dx]. 

k = i A 

Therefore, we conclude from Lemma [631 that Mb 5 (\SJu\ p ) e Lf{B\) which gives (16.121) as |Vw(.r)| p < 
Mb 5 { |Vu| p )(a) for a.e. x e B\. □ 
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